Abstract: We derived a coordinate-free form of equations of motion for a complete model of a quadrotor UAV with a payload which is connected via a flexible cable according to Lagrangian mechanics on a manifold. The flexible cable is modeled as a system of serially-connected links and has been considered in the full dynamic model. A geometric nonlinear control system is presented to exponentially stabilize the position of the quadrotor while aligning the links to the vertical direction below the quadrotor. Numerical simulation and experimental results are presented and a rigorous stability analysis is provided to confirm the accuracy of our derivations. These results will be particularly useful for aggressive load transportation that involves large deformation of the cable.
INTRODUCTION
Unmanned aerial vehicles (UAV) have been studied for different applications such as surveillance or mobile sensor networks as well as for educational purposes. Quadrotors are one kind of these UAVs which are very popular due to their dynamic simplicity, maneuverability and high performance. Areal transportation of a cable-suspended load has been studied traditionally for helicopters [1, 2] . Recently, small-size single or multiple autonomous vehicles are considered for load transportation and deployment [3] [4] [5] [6] , and trajectories with minimum swing and oscillation of payload are generated [7] [8] [9] .
Safe cooperative transportation of possibly large or bulky payloads is extremely important in various missions, such as military operations, search and rescue, mars surface explorations and personal assistance. However, these results are based on the common and restrictive assumption that the cable connecting the payload to the quadrotor UAV is always taut and rigid. Also, the dynamic of the cable and payload are ignored and they are considered as bounded disturbances to the transporting vehicle. Therefore, they cannot be applied to aggressive, rapid load transportations where the cable is deformed or the tension along the cable is low, thereby restricting its applicability. As such, it is impossible to guarantee safety operations. It is challenging to incorporate the effects of a deformable cable, since the dimension of the configuration space becomes infinite. Finite element approximation of a cable often yields com- plicated equations of motion that make dynamic analysis and controller design extremely difficult. Recently, a coordinate-free form of the equations of motion for a chain pendulum connected a cart that moves on a horizontal plane is presented according to Lagrangian mechanics on a manifold [10] . This paper is an extension of the prior work of the authors in [11] . By following the similar approach, in this paper, the cable is modeled as an arbitrary number of links with different sizes and masses that are serially-connected by spherical joints, as illustrated at Figure 1 . The resulting configuration manifold is the product of the special Euclidean group for the position and the attitude of the quadrotor, and a number of two-spheres that describe the direction of each link. We present Euler-Lagrange equations of the presented quadrotor model that are globally defined on the nonlinear configuration manifold.
The second part of this paper deals with nonlinear control system development. Quadrotor UAV is under-actuated as the direction of the total thrust is always fixed relative to its body. By utilizing geometric control systems for quadrotor [12] [13] [14] , we show that the hanging equilibrium of the links can be asymptotically stabilized while translating the quadrotor to a desired position. In contrast to existing papers where the force and the moment exerted by the payload to the quadrotor are considered as disturbances, the control systems proposed in this paper explicitly consider the coupling effects between the cable/load dynamics and the quadrotor dynamics.
Another distinct feature is that the equations of motion and the control systems are developed directly on the nonlinear configuration manifold in a coordinate-free fashion. This yields remarkably compact expressions for the dynamic model and controllers, compared with local coordinates that often require symbolic computational tools due to complexity of multibody systems. Furthermore, singularities of local parameterization are completely avoided to generate agile maneuvers in a uniform way.
Compared with preliminary results in [15] , this paper presents a rigorous Lyapunov stability analysis to establish stability properties without any timescale separation assumptions or singular perturbation, and a new nonlinear integral control term is designed to guarantee robustness against unstructured uncertainties in both rotational and translational dynamics. In short, the main contribution of this paper is presenting a nonlinear dynamic model and a control system for a quadrotor UAV with a cablesuspended load, that explicitly incorporate the effects of deformable cable. This paper is organized as follows. A dynamic model is presented at Section 2 and control systems are developed at Sections 3 and 4. The desirable properties of the proposed control system are illustrated by a numerical example at Section 5, followed by experimental results at Section 6.
DYNAMIC MODEL OF A QUADROTOR WITH A FLEXIBLE CABLE
Consider a quadrotor UAV with a payload that is connected via a chain of n links, as illustrated at Figure 1 . The inertial frame is defined by the unit vectors e 1 = [1; 0; 0], e 2 = [0; 1; 0], and e 3 = [0; 0; 1] ∈ R 3 , and the third axis e 3 corresponds to the direction of gravity. Define a bodyfixed frame { b 1 , b 2 , b 3 } whose origin is located at the center of mass of the quadrotor, and its third axis b 3 is aligned to the axis of symmetry.
The location of the mass center, and the attitude of the quadrotor are denoted by x ∈ R 3 and R ∈ SO(3), respectively, where the special orthogonal group is SO(3) = {R ∈ R 3×3 | R T R = I 3×3 , det[R] = 1}. A rotation matrix represents the linear transformation of a representation of a vector from the body-fixed frame to the inertial frame.
The dynamic model of the quadrotor is identical to [12] . The mass and the inertia matrix of the quadrotor are denoted by m ∈ R and J ∈ R 3×3 , respectively. The quadrotor can generates a thrust − f Re 3 ∈ R 3 with respect to the inertial frame, where f ∈ R is the total thrust magnitude. It also generates a moment M ∈ R 3 with respect to its bodyfixed frame. The pair ( f , M) is considered as control input of the quadrotor.
Let q i ∈ S 2 be the unit-vector representing the direction of the i-th link, measured outward from the quadrotor toward the payload, where the two-sphere is the manifold of unit-vectors in R 3 , i.e., S 2 = {q ∈ R 3 | q = 1}. For simplicity, we assume that the mass of each link is concentrated at the outboard end of the link, and the point where the first link is attached to the quadrotor corresponds to the mass center of the quadrotor. The mass and the length of the i-th link are defined by m i and l i ∈ R, respectively. Thus, the mass of the payload corresponds to m n . The corresponding configuration manifold of this system is given by
Next, we show the kinematics equations. Let Ω ∈ R 3 be the angular velocity of the quadrotor represented with respect to the body fixed frame, and let ω i ∈ R 3 be the angular velocity of the i-th link represented with respect to the inertial frame. The angular velocity is normal to the direction of the link, i.e., q i · ω i = 0. The kinematics equations are given bẏ
where the hat map· : R 3 → so(3) is defined by the condition thatxy = x × y for any x, y ∈ R 3 , and it transforms a vector in R 3 to a 3 × 3 skew-symmetric matrix. More explicitly, it is given bŷ
The inverse of the hat map is denoted by the vee map ∨ : so(3) → R 3 . Throughout this paper, the 2-norm of a matrix A is denoted by A , and the dot product is denoted by x·y = x T y. Also λ min (·) and λ max (·) denotes the minimum and maximum eigenvalue of a square matrix respectively, and λ m and λ M are shorthand for λ m = λ m (J) and λ M = λ M (J).
Lagrangian
We derive the equations of motion according to Lagrangian mechanics. The kinetic energy of the quadrotor is given by
Let x i ∈ R 3 be the location of m i in the inertial frame. It can be written as
Or equivalently, it can be written in terms of the angular velocities as 
Proof: See Appendix 1.
These provide a coordinate-free form of the equations of motion for the presented quadrotor UAV that is uniformly defined for any number of links n, and that is globally defined on the nonlinear configuration manifold. Compared with equations of motion derived in terms of local coordinates, such as Euler-angles, these avoid singularities completely, and they provide a compact form of equations that are suitable for control system design.
CONTROL SYSTEM DESIGN FOR A SIMPLIFIED DYNAMIC MODEL

Control Problem Formulation
Let x d ∈ R 3 be a fixed desired location of the quadrotor UAV. Assuming that all of the links are pointing downward, i.e., q i = e 3 , the resulting location of the payload is given by
We wish to design the control force f and the control moment M such that this hanging equilibrium configuration at the desired location becomes asymptotically stable.
Simplified Dynamic Model
For the given equations of motion (12) for x, the control force is given by − f Re 3 . This implies that the total thrust magnitude f can be arbitrarily chosen, but the direction of the thrust vector is always along the third body-fixed axis. Also, the rotational attitude dynamics of the quadrotor is not affected by the translational dynamics of the quadrotor or the dynamics of links.
To overcome the under-actuated property of a quadrotor, in this section, we first replace the term − f Re 3 of (12) by a fictitious control input u ∈ R 3 , and design an expression for u to asymptotically stabilize the desired equilibrium. This is equivalent to assuming that the attitude R of the quadrotor can be instantaneously controlled. The effects of the attitude dynamics are incorporated at the next section. Also ∆ x is ignored in the simplified dynamic model. In short, the equations of motion for the simplified dynamic model considered in the section are given by
and (13).
Linear Control System
The fictitious control input is designed from the linearized dynamics about the desired hanging equilibrium. The variation of x and u are given by
From (11), the variation of q i from the equilibrium can be written as
where ξ i ∈ R 3 with ξ i · e 3 = 0. The variation of ω i is given by δ ω ∈ R 3 with δ ω i ·e 3 = 0. Therefore, the third element of each of ξ i and δ ω i for any equilibrium configuration is zero, and they are omitted in the following linearized equation, i.e., the state vector of the linearized equation is composed of C T ξ i ∈ R 2 , where
Proposition 2: The linearized equations of the simplified dynamic model (19) and (13) can be written as follows
where g(x,ẋ) corresponds to the higher order terms where
, and (22) can equivalently be written as
where the corresponding sub-matrices are defined as
Proof: See Appendix 2.
For the linearized dynamics (22), the following control system is chosen
for controller gains (22) is controllable, we can choose the controller gains K x , Kẋ such that the equilibrium is asymptotically stable for the linearized equation (22). Then, the equilibrium becomes asymptotically stable for the nonlinear Euler Lagrange equation (19) and (13) [18] . The controlled linearized system can be written aṡ
where z 1 = [x,ẋ] T ∈ R 4n+6 and the matrices A ∈ R 4n+6×4n+6 and B ∈ R 4n+6×2n+3 are defined as
We can also choose K x and Kẋ such that A is Hurwitz. Then for any positive definite matrix Q ∈ R 4n+6×4n+6 , there exist a positive definite and symmetric matrix P ∈ R 4n+6×4n+6 such that A T P + PA = −Q according to [18, Thm 3.6].
CONTROLLER DESIGN FOR A QUADROTOR WITH A FLEXIBLE CABLE
The control system designed in the previous section is generalized to the full dynamic model that includes the attitude dynamics. The central idea is that the attitude R of the quadrotor is controlled such that its total thrust direction −Re 3 that corresponds to the third body-fixed axis asymptotically follows the direction of the fictitious control input u. By choosing the total thrust magnitude properly, we can guarantee that the total thrust vector − f Re 3 asymptotically converges to the fictitious ideal force u, thereby yielding asymptotic stability of the full dynamic model.
Controller Design
Consider the full nonlinear equations of motion, let A ∈ R 3 be the ideal total thrust of the quadrotor system that asymptotically stabilize the desired equilibrium. From (20), we have
where the following integral term e x ∈ R 2n+3 is added to eliminate the effect of disturbance ∆ x in the full dynamic model
where
If the input is a vector y ∈ R n , then the above saturation function is applied element by element to define a saturation function sat σ (y) : R n → [−σ , σ ] n for a vector. It is also assumed that an upper bound of the infinite norm of the uncertainty is known
for positive constant δ . The desired direction of the third body-fixed axis b 3 c ∈ S 2 is given by
This provides a two-dimensional constraint for the desired attitude of quadrotor, and there is additional one-dimensional degree of freedom that corresponds to rotation about the third body-fixed axis, i.e., yaw angle. A desired direction of the first body-fixed axis, namely b 1 d ∈ S 2 is introduced to resolve it, and it is projected onto the plane normal to b 3 c . The desired direction of the second body-fixed axis is chosen to constitute an orthonormal frame. More explicitly, the desired attitude is given by
which is guaranteed to lie in SO(3) by construction, assuming that b 1 d is not parallel to b 3 c [13] . The desired angular velocity Ω c ∈ R 3 is obtained by the attitude kinematics equation
Next, we introduce the tracking error variables for the attitude and the angular velocity e R , e Ω ∈ R 3 as follows [19] 
The thrust magnitude and the moment vector of quadrotor are chosen as
where k R , k Ω , and k I are positive constants and the following integral term is introduced to eliminate the effect of fixed disturbance
where c 2 is a positive constant.
Stability Analysis
Proposition 3: Consider control inputs f , M defined in (34) and (35). There exist controller parameters and gains such that, (i) the zero equilibrium of tracking error is stable in the sense of Lyapunov; (ii) the tracking errors e R , e Ω , x,ẋ asymptotically converge to zero as t → ∞; (iii) the integral terms e I and e x are uniformly bounded.
Proof: See Appendix 3.
By utilizing geometric control systems for quadrotor, we show that the hanging equilibrium of the links can be asymptotically stabilized while translating the quadrotor to a desired position. The control systems proposed explicitly consider the coupling effects between the cable/load dynamics and the quadrotor dynamics. We presented a rigorous Lyapunov stability analysis to establish stability properties without any timescale separation assumptions or singular perturbation, and a new nonlinear integral control term is designed to guarantee robustness against unstructured uncertainties in both rotational and translational dynamics. We define the two following error functions to show the stabilizing performance for the links:
Simulation results are illustrated at Figures 2 and 3 where quad rotor stabilize the payload while reducing the direction error and the angular velocity error of the link. The corresponding maneuvers of the quadrotor and the links are illustrated by snapshots at Figure 4 . We considered two cases for this numerical simulation to compare the effect of the proposed integral term in the presence of disturbances as follows: (i) with integral term and (ii) without integral term, to emphasize the effect of the integral term.
Comparison between Figure 2 and 3 shows that the integral terms eliminates the steady state error significantly in presence of fixed disturbances where the position x of the quadrotor converges to the desired value x d while stabilizing the payload and links below the quadrotor.
EXPERIMENTAL RESULTS
Experimental results of the proposed controller are presented in this section. A quadrotor UAV is developed with the following configuration as illustrated at Figure 5: • Gumstix Overo computer-in-module (OMAP 600MHz processor), running a non-realtime Linux operating system. It is connected to a ground station via WIFI.
• Microstrain 3DM-GX3 IMU, connected to Gumstix via UART.
• BL-CTRL 2.0 motor speed controller, connected to Gumstix via I2C.
• Roxxy 2827-35 Brushless DC motors.
• XBee RF module, connected to Gumstix via UART.
The weight of the entire UAV system is 0.791kg including one battery. A payload with mass of m 1 = 0.036 kg is attached to the quadrotor via a cable of length l 1 = 0.7 m. The length from the center of the quadrotor to each motor rotational axis is d = 0.169m, the thrust to torque coefficient is c τ f = 0.1056m and the moment of inertia is The angular velocity is measured from inertial measurement unit (IMU) and the attitude is estimated from IMU data. Position of the UAV is measured from motion capture system (Vicon) and the velocity is estimated from the measurement. Ground computing system receives the Vicon data and send it to the UAV via XBee. The Gumstix is adopted as micro computing unit on the UAV. It has two main threads, Vicon thread and IMU thread. The Vicon thread receives the Vicon measurement and estimates linear velocity of the quadrotor and runs at 30Hz. In IMU thread, it receives the IMU measurement and estimates the angular velocity. Also, control outputs are calculated at 120Hz in this thread. Two cases are considered and compared. For the first case, a position control system developed in [14] , for quadrotor UAV that does not include the dynamics of the payload and the link, is applied to hover the quadrotor at the de- 
CONCLUSIONS
Euler-Lagrange equations have been used for the quadrotor and the chain pendulum to model a flexible cable transporting a load in 3D space. These derivations developed in a remarkably compact form which allows us to choose arbitrary number and any configuration of the links. We developed a geometric nonlinear controller to stabilize the links below the quadrotor in the equilibrium position from any chosen initial condition. We expanded these derivations in such way that there is no need of using local angle coordinate and this advantageous technique signalize our derivations.
APPENDIX A
Proof for Proposition 1
From (7) and (9), the Lagrangian is given by
The derivatives of the Lagrangian are given by
where D x L represents the derivative of L with respect to x. From the variation of the angular velocity given after (10), we have
Similarly from (11), the derivative of the Lagrangian with respect to q i is given by
The variation ofq i is given by
Using this, the derivative of the Lagrangian with respect toq i is given by
Let G be the action integral, i.e., G = t f t 0 L dt. From the above expressions for the derivatives of the Lagrangian, the variation of the action integral can be written as
Integrating by parts and using the fact that variations at the end points vanish, this reduces to
According to the Lagrange-d'Alembert principle, the variation of the action integral is equal to the negative of the virtual work done by the external force and moment, namely
and we obtain (12) and (14) . As ξ i is perpendicular to q i , we also have Equation (A,4) is rewritten to obtain an explicit expression forq i . As q i ·q i = 0, we haveq i ·q i + q i ·q i = 0. Using this, we have
Substituting this equation into (A,4)
, we obtain (13). This can be slightly rewritten in terms of the angular velocities. Sinceq i = ω i × q i for the angular velocity ω i satisfying q i · ω i = 0, we havë
Using this and the fact thatω i · q i = 0, we obtain (16).
Proof for Proposition 2
The variations of x, u and q are given by (20) and (21). From the kinematics equationq i = ω i × q i , δq i is given by
Since both sides of the above equation is perpendicular to e 3 , this is equivalent to e 3 × (ξ i × e 3 ) = e 3 × (δ ω i × e 3 ), which yieldṡ ξ − (e 3 ·ξ )e 3 = δ ω i − (e 3 · δ ω i )e 3 .
Since ξ i · e 3 = 0, we haveξ · e 3 = 0. As e 3 · δ ω i = 0 from the constraint, we obtain the linearized equation for the kinematics equation:ξ
Substituting these into (16), and ignoring the higher order terms, we obtain (22). See Appendix 4 for details.
Proof for Proposition 3
We first show stability of the rotational dynamics, and later it is combined with the stability analysis of the translational dynamics of quad rotor and the rotational dynamics of links.
a) Attitude Error Dynamics
Here, attitude error dynamics for e R , e Ω are derived and we find conditions on control parameters to guarantee the boundedness of attitude tracking errors. The timederivative of Je Ω can be written as [19] . The important property is that the first term of the right hand side is normal to e Ω , and it simplifies the subsequent Lyapunov analysis.
b) Stability for Attutide Dynamics
Define a configuration error function on SO(3) as follows
We introduce the following Lyapunov function
Consider a domain D 2 given by
In this domain we can show that V 2 is bounded as follows [19] 
where z 2 = [ e R , e Ω ] T ∈ R 2 and the matrices M 21 , M 22 are given by
The time derivative of V 2 along the solution of the controlled system is given bẏ
We haveė I = c 2 e R + e Ω from (36). Substituting this and (A,6), the above equation becomeṡ
We have e R ≤ 1, ė R ≤ e Ω [19] , and choose a constant B 2 such that d ≤ B 2 . Then we havė
where the matrix W 2 ∈ R 2×2 is given by
The matrix W 2 is a positive definite matrix if
This implies thatV
which shows stability of attitude dynamics.
c) Translational Error Dynamics
We derive the tracking error dynamics and a Lyapunov function for the translational dynamics of a quadrotor UAV and the dynamics of links. Later it is combined with the stability analyses of the rotational dynamics. This proof is based on the Lyapunov method presented in Theorem 3.6 and 3.7 [18] . From (20), (12) , (22), and (34), the linearized equation of motion for the controlled full dynamic model is given by 15) and g(x,ẋ) is higher order term. The subsequent analyses are developed in the domain D 1
In the domain D 1 , we can show that
Consider the quantity e T 3 R T c Re 3 , which represents the cosine of the angle between b 3 = Re 3 and b 3 c = R c e 3 . Since 1 − Ψ(R, R c ) represents the cosine of the eigen-axis rotation angle between R c and R, we have e T 3 R T c Re R c e 3 to the right hand side of (A,15) to obtain
where X ∈ R 3 is defined by
((e The first term on the right hand side of (A,18) can be written as
(A,20)
Substituting this and (26) into (A,18)
This can be rearranged as
Using the definitions for A, B, and z 1 presented before, the above expression can be rearranged aṡ
(A,23) d) Lyapunov Candidate for Translation Dynamics From the linearized control system developed at section 3, we use matrix P to introduce the following Lyapunov candidate for translational dynamics
The last integral term of the above equation is positive definite about the equilibrium point e x = p eq where
considering the fact that sat σ y = y if y < σ . The time derivative of the Lyapunov function using the Leibniz integral rule is given bẏ
Sinceė T x = ((PB) T z 1 ) T = z T 1 PB from (27), the above expression can be written aṡ
(A,28) Substituting (A,23) into (A,28), it reduces tȯ
Let c 3 = 2 PBB 2 ∈ R and using A T P + PA = −Q, we haveV
The second term on the right hand side of the above equation corresponds to the effects of the attitude tracking error on the translational dynamics. We find a bound of X, defined at (A, 19) , to show stability of the coupled translational dynamics and rotational dynamics in the subsequent Lyapunov analysis. Since We also use the following properties
Note that λ min (Q) is real and positive since Q is symmetric and positive definite. Then, we can simplify (A,30) as giveṅ
We find an upper boundary for
by defining
for a given positive constant B 1 . We use the following properties where for any matrix A ∈ R m×n
where A max = max{a mn }. The third term on the right hand side of (A,37) can be bounded as
and similarly
and then the upper bound of A is given by
and substitute (A,42) into (A,36)
e) Lyapunov Candidate for the Complete System Let V = V 1 + V 2 be the Lyapunov function for the complete system. The time derivative of V is given bẏ
(A,44) Substituting (A,43) and (A,14) into the above equatioṅ
and using e R ≤ z 2 , it can be written aṡ
(A,46)
Also, the 2z T 1 PBg(x,ẋ) term in the above equation is indefinite. The function g(x,ẋ) satisfies
Then, for any γ > 0 there exists r > 0 such that
Substituting the above equation into (A,46)
(A,50)
we obtainV
. (A,52)
Choosing γ < (λ min (W ))/2 P 2 , ensures thatV is negative semi-definite. This implies that the zero equilibrium of tracking errors is stable in the sense of Lyapunov and V is non-increasing. Therefore all of error variables z 1 , z 2 and integral control terms e I , e x are uniformly bounded. Also, from Lasalle-Yoshizawa theorem [18, Thm 3.4], we have z → 0 as t → ∞.
Proof for the high order terms derivations
We approximate ξ ∈ R 3 by e 3 × q and other high order terms. The following relations are considerable as it is illustrated in the Fig. 8 . and
Taking derivative and considering that derivative of A is
(A,57) after simplifying we would havė
where k ∈ R is scalar and defined as follow
The following relation is considerablė
where ω ∈ R 3 is the angular velocity of each link. Using
and substituting Eq. (A,61) into Eq. (A,58)
and using the fact that a · (a × b) = 0 the last term on the right hand side vanishes, sȯ
The first term on the right hand side of Eq. (A,63) can be simplified using Taylor series q = exp(ξ )e 3 = (I +ξ + g(ξ ))e 3 , (A,64) using the fact thatξ e 3 · e 3 = 0 we can have q · e 3 = (e 3 +ξ e 3 + g(ξ ))e 3 = 1 + g(ξ ), using the fact thatξ e 3 · e 3 = 0 we can have q · e 3 = (e 3 +ξ e 3 + g(ξ ))e 3 = 1 + g(ξ ), (A,67) also q × e 3 = (e 3 +ξ e 3 + g(ξ )) × e 3 = −ê The third term is simplified as follow using the fact that ω is normal to q δ ω · q = 0, (A,71)
replacing q = e 3 +ξ e 3 + g(ξ ) into the above equation we would have so, the second term on the right hand side of (A,63) becomes
[(e 3 × q) · (δ ω(e 3 · q))](e 3 × q)k = (e 3 · q)(e 3 × q)(g(ξ , δ ω))( 1 3 + g(ξ )) = g(ξ , δ ω). We take derivative of theξ equation to find an expression for δω.
ξ =q (e 3 · δ ω) e 3 × q sin −1 ( e 3 × q ) + q(e 3 · δω) e 3 × q sin −1 ( e 3 × q ) + q(e 3 · δ ω)k + δω(e 3 · q) e 3 × q sin −1 ( e 3 × q ) + δ ω(e 3 ·q) sin −1 ( e 3 × q )
(e 3 × q)(e 3 ×q) e 3 × q + [(e 3 ×q) · δ ω](e 3 · q)(e 3 × q)k + [(e 3 × q) · δω](e 3 · q)(e 3 × q)k + [(e 3 × q) · δ ω][(e 3 ·q)(e 3 × q)k + (e 3 · q)(e 3 ×q)k + (e 3 · q)(e 3 × q)k], (A,88)
The first line is higher order term based on the derivations at (A,87) and (A,75). The last line is also higher order term based on the derivations at (A,79) andξ becomes ξ = δω + g(ξ , δ ω) + [(e 3 · q)(e 3 × q)k][δ ω(e 3 ×q)
+ (e 3 ×q) · δ ω + (e 3 × q) · δω] + δ ω(e 3 ·q) sin −1 ( e 3 × q ) e 3 × q .
(A,89)
We can show that the last line is higher order term as follow 
